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Problem 1 [
Show that the following statements about the line graph L(G) of a graph G:

(a) G is eulerian = L(@) is eulerian.

(b) G is hamiltonian = L(G) is hamiltonian.

Problem 2 I

(a) Find the Priifer code of the following tree:

11

(b) Find a tree with the Priifer code (3,1,4,1,5,9,2,6,5).

Problem 3 [
How many spanning trees does the graph K, — e possess? (K, — e is the complete
graph minus an arbitrary edge.)

Problem 4 (]
Show that the number of labeled graphs with the vertex set [n], whose degrees are
all even is 2("2 ).

Hint: find an appropriate bijection.

Problem 5 ]
We have shown earlier that the Ramsey number R,(3) < [e - r!] + 1. Give the
following exponential lower bound: R,(3) > 2" (i.e. color the edges of Kyr with r
colors without a monochromatic K3).

Warning: this is not an exercise about proper edge colorings!
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Problem 1 I

(a) Let G be a connected graph, which contains exactly 2k vertices of odd degree.
Show that one can partition E(G) in exactly k trails.

(b) What can be said about graphs with exactly 2k + 1 vertices of odd degree?

Problem 2 ]
Let dy, ..., d, be natural numbers and n > 2. Show that there is a tree with vertex
degrees dy, ..., d, if and only if Y~ | d; = 2n — 2.

Problem 3 (]
Let T and 17" be two spanning trees of a connected graph . Show that for every
ec€ E(T)\ E(T") there is an edge ¢’ € E(T") \ E(T) such that the graphs 7" +e¢ — ¢’
and T' — e + €' are again spanning trees in G.

Problem 4 ]
Show that if the edge weights of a connected graph are pairwise distinct, then there
is a unique minimum spanning tree in G.

Problem 5 (]
The adjacency matrix Ag = (a;;)nxn of a graph G on the vertex set V- = {vy,...,v,}
is defined as follows: a;; = 1 if ¢j is an edge of G and = 0 otherwise. Show that the
matrix Af; = (aj;)nxn displays for all i,j < n, the number aj; of walks of length k
from v; to v; in G.



