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Exercise 1 [10 points]
Let an be the number of ordered triples (i, j, k) of integers such that i ≥ 0, j ≥ 2, k ≥
3, and i+ 3j + 3k = n. Find the generating function of the sequence (a0, a1, . . .) and
use it to calculate a formula for an.

Exercise 2 [10 points]
Prove that the number of triangulations of a convex n-gon (with labeled vertices)
is the Catalan number bn−2. (A triangulation is a partition of the n-gon into tri-
angles using n− 3 non-intersecting diagonals (a diagonal is segment connecting two
vertices.))

Exercise 3 [10 points]
How many rooted binary trees are there on n vertices where each vertex has either
zero or two children? (Recall: formally a rooted binary tree on n vertices is an ordered
pair of rooted binary trees B` and Br, such that there is some i, 0 ≤ i ≤ n− 1, for
which B` is a rooted binary tree on i vertices and Br is a rooted binary tree on
n − 1 − i vertices. The children of a vertex are the roots of its left and the right
subtree.)

Exercise 4 [10 points]
Order the following expressions according to growth rate and express this orde-
ring using asymptotic notation: n lnn, (ln lnn)lnn, (lnn)ln lnn, n · e

√
n, (lnn)lnn, n ·

2ln lnn, n1+1/(ln lnn), n1+1/ lnn, n2. (This is an exceptional exercise: you need to argue
only for yourself, but to write, the final answer is sufficient!)


