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Problem 43 [10 points]
Let A a set of n integer numbers. Then there is a subset S ⊆ A such that the sum∑

a∈S a is divisible by n.

Problem 44 [10 points]
Let ai the sequence of Fibonacci numbers and define di := ai(mod10). Prove that
the di form a periodic sequence. Give the best bound on the period you can find
without the help of a computer.

Problem 45 [10 points]
101 points are placed inside a 1 × 1 square. Show that some three of them form a
triangle with area no more than 0.01.

Problem 46 [10 points]
Improve on the upper bound on the symmetric Ramsey number R(k) by introducing
the (two-variable) Ramsey number R(k, `). Let R(k, `) be the minimum integer N
such that every 2-edge-coloring c : E(KN)→ {Red,Blue} of the complete graph KN

contains a red monochromatic clique on k vertices or a blue monochromatic clique
on ` vertices.

(a) Show that R(1, `) = 1 = R(k, 1) and R(k, 2) = k = R(2, k).

(b) Show that for every k, ` ≥ 2, R(k, `) ≤ R(k − 1, `) + R(k, `− 1).

(c) Using induction show that R(k, `) ≤
(
k+`−2
k−1

)
.

(d) Conclude that for the symmetric Ramsey number R(k) = O
(

4k√
k

)
.

Problem 47 [10 points]

(a) Define the Ramsey numbers R(k, k, k) for three colours.
(b) Prove that R(k, k, k) is finite. (The very best upper bound gets bonus points!)
(c) Generalize the proof (from the lecture) of the lower bound for R(k, k) to three

colors and show (for k ≥ 2) that

R(k, k, k) >
k

3e

√
3
k
.


