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Shagnik Das Tibor Szabó

Exercise Sheet 7

Due date: 14:00, Dec 6th, by the end of the lecture.
Late submissions will be treated worse than defenders in El Clásico.

You should try to solve all of the exercises below, and submit two solutions to be graded —
each problem is worth 10 points. We encourage you to submit in pairs, but please remember
to indicate the author of each individual solution.

Exercise 1 Given integers 1 ≤ k ≤ k′ ≤ d, construct a graph G with κ(G) = k, κ′(G) = k′

and δ(G) = d.

Exercise 2 Prove that for every graph G of maximum degree ∆(G) ≤ 3, κ(G) = κ′(G).

Exercise 3 We say that H is a maximal k-connected subgraph of G if

(i) H is a subgraph of G,

(ii) H is k-connected, and

(iii) If H ( H ′ ⊆ G, then H ′ is not k-connected.

Show that whenever H1 and H2 are two maximal k-connected subgraphs of G, we must have
|V (H1) ∩ V (H2)| ≤ k − 1.

Exercise 4 Recall that for vertices x, y ∈ V (G), κ′(x, y) is the minimum number of edges
that have to be deleted from G to separate x from y, and λ′(x, y) is the maximum size of a
set of pairwise edge-disjoint x–y paths.

(a) Prove that for every pair of vertices x, y ∈ V (G), we have κ′(x, y) = λ′(x, y).

(b) Deduce that G is k-edge-connected if and only if for every pair x, y of vertices, there
is a set of k pairwise-edge-disjoint x–y paths.

[Hint at http://discretemath.imp.fu-berlin.de/DMII-2016-17/hints/S07.html.]
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Exercise 5

(a) If G is k-connected, and G′ is obtained by adding a new vertex v of degree at least k,
show that G′ is also k-connected.

(b) Prove that G is k-connected if and only if it has at least k + 1 vertices and, for any
two sets A,B ⊂ V (G) of size k, there are k pairwise-disjoint paths1 that start in A
and end in B.

Exercise 6 For any directed graph ~D and vertex set ∅ 6= S ( V ( ~D), the edge-cut [S, S̄]

is the set of edges starting in S and ending in S̄ = V ( ~D) \ S. Prove that for any network

( ~D, s, t, c), feasible flow f : ~E( ~D) → R≥0 and vertex set S such that s ∈ S and t /∈ S, the
value of the flow is given by

val(f) =
∑

~e∈[S,S̄]

f(~e)−
∑

~e∈[S̄,S]

f(~e).

[Hint at http://discretemath.imp.fu-berlin.de/DMII-2016-17/hints/S07.html.]

1Note that a path could consist of just a single vertex.
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